1. Introduction. Let M and N be manifolds (always assumed to be smooth, connected, and without boundary) and let/: M -> N be a smooth map. If at each point of M the Jacobian matrix of/has maximal rank, we call/a map of maximal rank. We will use the following notation. For any vector bundle £ over a complex X we let (f) denote the stable equivalence class determined by £. We will say that a stable bundle (f) has geometric dimension ^« (for some positive integer «) if there is an «-plane bundle over X which is stably isomorphic to $. For a smooth manifold V we let tv denote the tangent bundle and vv the stable normal bundle; i.e.
We need here to remark that since M is open, the bundle tm is stable over M. For a simple application of these theorems, suppose that M and N are 7r-manifolds (i.e. each has stably trivial tangent bundle) and that dim A//dim N. Since each also has stably trivial normal bundle, it follows by the above theorems that every continuous map M -> N is homotopic to a smooth map of maximal rank.
In the following two sections we use the theorems of Hirsch and Phillips to study more general manifolds M and N, using in part results from [20] and [21] .
2. Immersion of manifolds. We will use the following notation. Mm and Nn will denote smooth connected manifolds with respective dimensions «z and «, m<n. We define the codimension of a continuous map M -> N to be the positive integer n -m. By the basic theorem of Whitney [23] every map of codimension m (i.e. n = 2m) is homotopic to an immersion, and so we consider here the case « < 2m.
For any bundle £ over a complex X we let w¡£ e H'(X; Z2) denote the z'th StiefelWhitney class of f, i ä 0. For a manifold V, we set Wt(V) = Wt(rv), w¿V) = wfar). The proof of the theorem follows at once from classical obstruction theory [18] , as will be shown in §5. (In the case m odd we can omit the hypothesis that/is orientable if we use local coefficients.) The proof will be given in §5.
Codimension /= m-4, «i =; 11.
Theorem 2.5. Let M8q + 3 and Nieq + 2 be manifolds, q^l, and let f: M -> N be a spin map. Suppose that M is a closed spin manifold. IfwBq(vf) = 0, then fis homotopic to an immersion.
The proof will be given in §5.
Remark. If one takes the manifold N to be Pn, then v¡ = vM and one can obtain stronger results than those given in 2.1-2.4 by using [14] . Note, for example, [6] , [11] and [21] . 3 . Submersion of manifolds. In this section we assume that Mm and Nn are smooth connected manifolds with m>n. Moreover, throughout the section we assume that M is open. Suppose that « = 1, i.e. A/=P* or S1. Then, as observed by Phillips [17] , every map Mm^N1 is homotopic to a submersion (since M has the homotopy type of an (m-l)-complex). We consider here the case « = 2. For a map /: M -> N set of = (tm) +f*vN. We will prove Suppose that A is a closed orientable surface. Then the stable normal bundle of N is trivial, and so wi(o!)=wi(M), z'^0.
On the other hand suppose that M = M' -&M', where M' is a compact orientable manifold with nonempty boundary cM'. It follows from results of Wu and Massey [24] , [12] , [13] , that 5. Proofs of theorems. For a topological group G let BG denote the classifying space for G constructed by Milnor [15] . Let 0(n), «èl, denote the orthogonal group of rank «, and let O denote the stable orthogonal group [2] . If X is a complex EMERY THOMAS [July then a stable vector bundle over X can be regarded as a map X -*■ BO. Now the natural inclusion 0(n) e O induces a map pn : BO(n) -»> 50, and a stable bundle f over X has geometric dimension ^ « if, and only if, there is a map -n : X -> £0(«) such/?n « rj = f. Up to homotopy type the map/?n can be regarded as a fiber map [1] , with fiber Vn = 0/0(n). By Stiefel (see [18] ), Vn is («-l)-connected and (for «2:3),
Thus by standard obstruction theory (e.g. see [18] , 
